The number of citations of a scientific publication or of an individual scientist has become an important factor of quality assessment in science. We report a study of the statistical distribution of the citation index of both scientific publications and scientists. We give numerical evidence that Tsallis (power law) statistics explains the entire distribution over eight orders of magnitude (10 −4 to 10 4 ). Also, we draw Zipf plots in order to analyze the statistical distribution of the citation index of Brazilian and international physicists and chemists. The relatively small group of Brazilian scientists seems more adequate to explain the dynamics of the citation index. In this case, we find that the distribution of the citation index can also be explained by a gradually truncated power law with similar parameters. We finally discuss possible mechanisms behind the citation index of scientists and scientific publications.
I. INTRODUCTION
In recent years physicists turned to the study of natural systems as a whole rather than in parts [1] [2] [3] [4] [5] [6] . The difficulties in understanding these "complex systems" arise from the large number of elementary interactions that are taking place at the same time for a large number of components. Also, these systems are in constant evolution and do not have a usual equilibrium state [1] . Socio-economical and biological systems display these general features, and have been treated by physicists. Scaling power laws [7, 8] have been found in many biological [9] [10] [11] , physical [2, [12] [13] [14] [15] [16] [17] [18] [19] [20] and socio-economical systems [21] [22] [23] [24] [25] [26] [27] [28] [29] , and they are now considered as an important property of these systems.
Scientific publications are a primary means of scholarly communication in science. The quality of a scientific paper or of an individual scientist can be gauged by the number of citations in the work of other authors. Although this cannot be an exact measurement of the relevance of either a paper or a scientist, it can be taken as a particular and reasonable measure. One of the problems of our scientific community is to know the mechanisms and the distribution of (i) the number of publications of a scientist, (ii) the number of citations, or citation index, of a scientific publication, and (iii) the citation index of a scientist.
In 1957, in a study of the publication record of the scientific research staff at Brookhaven National Laboratory, Shockley [30] claimed that the rate of scientific publications is described by a log-normal distribution. Laherrere and Sornette [31] presented numerical evidence, on the basis of data for the 1120 most cited physicists from 1981 to June 1997, that the citation distribution of individual authors is associated with a stretched exponential form, N(x) ∼ exp − (x/x 0 ) β , with β 0.3. Using the technique of the Zipf plots, Redner [32] has recently shown that the distribution of citations of the most cited scientific papers is described by a power law, N(x) ∼ x −α , with α 3.0. Tsallis and Albuquerque [33] claim that the newly proposed "Tsallis statistics" can as well account for the distribution of citations of scientific papers.
The number of publications and the citation index are different concepts. The number of publications of a scientist represents the amount of work that he has done, while the citation index is much closer to representing the quality of this work. The number of publications depends on the capacity to work and to get papers published, while the citation index is related to factors as the originality, the interest in the community, and the relevance of particular research topics. The number of scientific works published by a scientist depends on some factors, as choosing a proper problem, working on this problem, choosing a proper journal, writing ability. As pointed by Schockley [30] , a log-normal form is expected to account for the distribution of published scientific papers.
In the present paper we discuss the statistical distribution and the mechanisms behind the citation index of a scientific publication and of an individual scientist. In Section II, we present the model. In Section III, we analyze the statistical distribution of the citation index of scientific publications in 1981, which were cited between 1981 and June of 1997. We also analyze and compare the distributions of the citation index of highly cited Brazilian and international physicists and chemists. In Section IV, we discuss the results and possible mechanisms underlying the citation index.
II. THE MODEL
A power-law distribution [7, 8] has been first observed by Pareto in economics [8] in 1897. Pareto claimed that it was related to a positive feedback, namely that wealthy people can more efficiently level their wealth than the average individuals, so they can create more wealth and achieve an even higher level of income. Recently, we have related power-law distributions to effects of competition, learning and natural selection [34] .
In the context of nonextensive thermodynamics, Tsallis [35, 36] was able to obtain power-law distributions with the inclusion of long-range interactions and long-range microscopic memory. The Tsallis generalized entropy is given by
where k is a positive constant, q is a parameter, and the sum is over the probabilities of the statistical states. On the basis of this definition, Tsallis and Albuquerque [4] derived the statistical distribution
where N(x) is the probability density, λ is a parameter, and N 0 is a normalization constant. This formula can also be written as
where c 1 is a constant and (1 + α) is a power-law index. For large values of x, this distribution becomes a simple power law,
In this limit, log N(x) versus log x is just a straight line. In real systems, power-law distributions cannot continue for ever. They have to be somehow truncated in order to avoid an infinite variance. For scientific publications, the research field becomes saturated or almost fully investigated after a certain time, which may be roughly taken between 20 to 100 years, depending on the particular field. Researchers in this area, and citations as well, begin to decrease after this period of saturation. In addition to the saturation of the field, there are human limitations to the production of a large number of relevant scientific works.
Recently, we have shown that, by gradually truncating a power-law distribution after a certain critical value, it is possible to explain the entire distribution including very large steps in financial and physical complex systems [37] [38] [39] . In this work, the power-law distributions come from a positive feedback which gradually ceases after a certain step size due to limited physical capacity of the components of the system or the system itself. In this limit, these distributions approach a normal form [37] . This approach may also lead to a distribution of the citation index, given by
with
where x c is the critical value of the step size at which the probability distribution begins to deviate from a power-law distribution due to physical limitations, and k is related to the sharpness of the cut-off. Comparing to a normal distribution, we have
We now consider two special cases: (i) case I, if x x C , with
which gives a power-law distribution;
(ii) case II, if x >> x C , in which the variation due to f (x) is dominant, and we have
so log N(x) versus x β is a straight line. This gives a stretched exponential distribution. The publication density is usually very small for highly cited papers. It is then interesting to draw a Zipf plot [40] , in which the number of citations of the nth most cited paper out of an ensemble of M papers is plotted versus the rank n. By its very definition, the Zipf plot is closely related to the cumulative large-x tail of the citation distribution, which makes it well suited for determining the large-x tail of the citation distribution. Also, it smooths out the fluctuations in the highcitation tail and thus facilitates a quantitative analysis.
Given an ensemble of M papers and the corresponding number of citations for each of these papers, according to the rank order, 
This equation means that there are n out of the ensemble of M papers which are cited at least Y n times. From the dependence of Y n with n in a Zipf plot, we can test whether it agrees with a proposed form for N(x). For a simple power law distribution, using Equations (4) or (8), we obtain
which can also be written as
so logY n versus log n gives a straight line and b is a constant. For a stretched exponential distribution, using Equation (9), we obtain
where a and b are constants. In this case, Y β n versus ln n is a straight line.
III. DATA ANALYSIS

A. Scientific Publications
We now investigate one of the largest data sets of scientific publications, stored by the Institute for Scientific Information, . It includes papers published in all levels of journals. First, we consider the citations of publications. In both the earlier works on the citation of scientific publications [32, 33] , the number of publications versus citations is plotted and zeros are simply ignored. In a statistical distribution, we obtain the publication density, in other words, the number of publications in the interval of unit citation, instead of the number of publications. This makes a difference in the distribution of the most cited papers as we have a few papers in this range. Furthermore, the zeros can not be ignored as ln (0) is −∞. In order to have a picture of the citation mechanisms, we then plot and discuss the publication density (the number of publications per citation) versus the number of citations.
The publication density is given by
where ∆N is the number of publications with citations between x − ∆x/2 and x + ∆x/2. For smaller citation indices, as we have a large number of publications, we took ∆x = 1; for larger citation indices, we gradually increased ∆x in order to have just non-zero values of the publication density for citations. We observe that for almost eight orders of magnitude (10 −4 to 10 4 ) of publication density, the distribution is given by Tsallis statistics, as shown in Fig. 1, with N In order to further confirm the supposed distribution, we draw Zipf plots in Fig. 2 , for the same parameter values. The fit is excellent showing that the distribution can really be associated with a Tsallis (power-law) statistics. Also, the fits show that the stretched exponential distribution is not suitable for the present case. 
B. Scientists
In this case, we analyze the citation index of (a) most cited Brazilian physicists and chemists and (b) most cited physicists and chemists in the world. All physicists (chemists), including Brazilian physicists, publish their work in the same journals and work on almost the same problems. The Brazilian physicists (chemists) form a small sub-group within the international physicists (chemists) community. The limiting factor for Brazilian physicists (chemists) is relevant for a few top ranking scientists only, since the citation index of only these scientists is above the critical value x C of a gradually truncated power-law distribution. For the rest of the most cited scientists, a power law is sufficient, and the index of this power law can be more precisely obtained. For the most cited international scientists, the limiting factor may be relevant since the citation index of almost all of these scientists is above the critical value x C .
In Fig. 3 , we plot citation number Y n versus rank n for the first 205 Brazilian physicists in 1999 [42] . As it should be expected in case I, we observe a straight line for larger values of n, which begins to deviate for smaller values of n (n < 20). The theoretical curve corresponds to a gradually truncated power law, with α = 1.53, x C = 2000, k = 1000, and c = 2 × 10 6 . There is a good agreement between this theoretical curve and the empirical results.
In Fig. 4 , we plot citation number Y n versus rank n for the 1120 most cited physicists from 1981 to June 1997 [43, 32] , and compare the plots with the theoretical curves with the same values of the parameters as used in Fig. 4 . The constant c has been changed from 2 × 10 6 to 1 × 10 9 , as the total number of physicists is much larger in this case. It is reasonable to consider that the citations of Brazilian physicists are roughly 0.2% of the total number of citations. Again, we have a good agreement. Note that we are able to explain both distributions with the same values of the basic parameters. In the case of international scientists, almost all physicists have a citation index larger than x C , and therefore we can use a stretched ex- 
FIG. 4:
Zipf plot of the number of citation of the nth ranked International physicist Y n versus rank n on a double logarithmic scale. The dots are the empirical points, the straight line is a theoretical curve with a gradually truncated power law using same parameters as in Figure 3 , and the dashes are a power law.
ponential distribution as done by Laherrere and Sornette [31] . However, the stretched exponential distribution is not suitable for the citation index of Brazilian physicists. We then conclude that the distribution of the citation index of physicists is given by a "gradually truncated" power law.
In Fig. 5 , we plot the citation number Y n versus rank n for the first 119 Brazilian chemists in 1999 [42] . We see that there is a good agreement with a gradually truncated power law, with α = 1.4, x C = 1500, k = 2000, and c = 2.5 × 10 5 . In Fig. 6 , we plot the citation number versus rank for the first 10858 chemists [32, 43] and compare this plot with a gradually truncated power law distribution with α = 1.4, x C = 6000, k = 2000, and c = 10 8 . Again, there is a good agreement with the data.
The stretched exponential distribution fails for both international and Brazilian chemists. Although for physicists all the parameters are the same, x C for Brazilian chemists is much lower than for international chemists. Perhaps this is due to more difficult procedures for obtaining financial support of research in Brazil, which is a more important factor in chemistry than in some branches of physics, particularly in theoretical physics. It is interesting to note that 8 out of the 10 most cited Brazilian physicists are working in theoretical physics.
IV. DISCUSSION
It is usual that a scientific publication is first cited by people working in the same or closely related groups. Later on, it comes to the attention of other groups. In the second genera- tion of citations, it comes to the attention of other researchers through its citations. A more relevant paper is initially cited more times, comes to attention of more workers, and the number of citations increases rapidly. On the other hand, articles which are initially less cited come to attention of a few workers only, and their number of citations decreases very rapidly. Most of the published papers are forgotten in the first five years from publication. Only a few more relevant papers are cited during a very long time. A more cited paper in the initial stages comes to the attention of more workers, and thus is cited more times, thereby coming to the attention of still more people, and being cited still more times, and so on. The citation index increases much more rapidly for relevant papers, which leads to a power-law distribution. A Zipf plot indicates that the first three most cited papers of a scientist are cited more times than it should be anticipated from a power-law distribution. The citation index of only the most cited papers is expected to increase with time, because other papers are more or less forgotten in twenty years. The presence of high-ranking outliers is often called the King effect and may be due to an amplifying process [44, 45] .
We basically agree with the conclusion of Tsallis and Albuquerque [4] , with a slightly different power index (3.1 instead of 2.9). Note that we plot publication density, and that we achieved a good agreement over a much wider range, which leads to a much clearer picture of the distribution of the citation index.
The fact that a scientist is cited more times makes it easier to obtain financial support for his research projects and better students, which in turn contributes to form a better and larger group. A more cited scientist can more efficiently level his citation index than the average scientist, producing more citations and achieving higher levels of citation index. This positive feedback effect decreases gradually after a certain step size due to physical limitations of the system. For scientific publications, the citation index decreases with time after the field gets saturated or almost fully investigated, which normally takes 20 to 100 years depending on the field. As we have the citation index for a period of only 16 years, we have not observed any gradual truncation of a power law.
Apart from the saturation of the field, other limitations for scientists come from the human capacity to work. The citation index of a scientist is a product of the number of his articles and the average citation per article. It is not possible for any one to compete both in quality and quantity. Some people may have a large number of articles but a small average citation per article, while other people may have larger average citation of an article but small number of articles. This is clear in Tables I and II , in which we list the number of articles and the average citation per article of twenty internationally highly cited physicists and chemists. It is interesting to note that only two of them (P. W. Anderson, and K. A. Muller, at the 13th and 17th places, respectively), out of the 20 most cited physicists, and six (J. A. Pople, R. R. Ernst, J. M. Lehn, R. E. Smalley, E. J. Corey, and K. Tanaka, at the 2nd, 4th, 10th, 12th, 16th, and 20th places, respectively), out of the 20 most cited chemists, are Nobel laureates.
As the citation index of only the most cited scientists is available, it is not possible to distinguish between Tsallis and power-law distributions. We then conclude that the distribution of the citation index of scientific publications and scientists is well represented by a gradually truncated powerlaw distribution. As in several systems from economy and physics, there is a positive feedback mechanism associated with this power law.
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